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It was recently shown that nonsymmorphic space group symmetries can protect novel surface
states with hourglass-like dispersions. In this paper, we show that such dispersions can also appear in
the bulk of three-dimensional (3D) systems which respect nonsymmorphic symmetries. Specifically,
we construct 3D lattice models featuring hourglass-like dispersions in the bulk, which are protected
by nonsymmorphic and time-reversal symmetries. We call such systems hourglass semimetals, as
they have point or line nodes associated with hourglass-like dispersions. Hourglass nodal lines appear
in glide-invariant planes, while hourglass Weyl points can occur on screw-invariant axes. The Weyl
points and surface Fermi arcs in hourglass Weyl semimetals are stable against weak perturbations
breaking those nonsymmorphic symmetries. Our results may shed light on searching for exotic Weyl
semimetals in nonsymmorphic materials.
Introduction.—Topological insulators and topological
superconductors are novel quantum states of matter with
gapless surface/edge states protected by time-reversal
and/or particle-hole symmetries, which have attracted
vast attentions in the past decade[1–3]. It was shown
later that other symmetries such as translational and
point-group symmetries may also protect exotic gap-
less surface/edge states in fermionic systems; for in-
stance, topological crystalline insulators protected by
point group symmetries were proposed[4–12]. These are
among the prototype examples of symmetry protected
topological (SPT) phases[13–17]. Besides point-group
symmetries such as discrete rotation, reflection, and in-
version symmetry, space-group symmetries also include
nonsymmorphic symmetries, i.e., glide reflections and
screw rotations. It has been shown that nonsymmor-
phic space group symmetries can protect novel phases,
including both insulating phases[18–29] and semimetal-
lic phases[30–35]. Since 157 out of the 230 space groups
are nonsymmorphic, it is of importance to study various
topological phases of electrons protected by nonsymmor-
phic symmetries.
Recently, it was shown that the combination of glide
reflection symmetry and time-reversal symmetry can pro-
tect hourglass-like dispersion on the surface of non-
symmorphic insulators, e.g. KHgX(X=As, Sb, Bi),
with a gapped bulk of nontrivial topology[36–40]. The
hourglass-like dispersion is intimately related to the
Mo¨bius twist of the surface states[19, 20]. In contrast
to the Dirac fermions that appear on the surface of topo-
logical insulators, the hourglass fermions have dispersions
of four bands, with double degeneracy at high symmetry
points of the Brillouin zone and an unavoidable band
crossing between those high-symmetry points. As ordi-
nary Dirac/Weyl fermions can exist both on the surface
and in the bulk of three-dimensional (3D) systems, one
can ask if Weyl fermions with hourglass-like dispersions
can appear in the bulk of 3D crystals, besides on the
surface.
In this work, we construct 3D lattice models that host
fermions with hourglass-like bulk dispersions. Such dis-
persion is protected by time-reversal and glide reflec-
tion (or screw rotation) symmetries. When the Fermi
energy is tuned to the neck of the hourglass, semimet-
als with point or line degeneracies result, which we
name 3D hourglass semimetals. There are two dis-
tinct types of 3D hourglass semimetals: hourglass Weyl
semimetals (HWSMs) and hourglass nodal-line semimet-
als (HNLSMs). They qualitatively differ from 3D Weyl
semimetals[41–76] and the nodal-line semimetals[77–94]
studied before in that they have quadruplets of bands
with internal partner-switching. The HWSMs host four
Weyl points at each screw-invariant momentum line,
while the HNLSMs have nodal lines in glide-invariant
momentum planes. Note that the quadruplet bands stud-
ied in the present work are closely related to filling-
enforced band insulators in which nonsymmorphic sym-
metries lead to tighter filling constraints[24–29].
Hourglass semimetals in lower dimensions.—
Hourglass-like dispersions in 2D bulk systems pro-
tected by nonsymmorphic symmetries were studied in
Refs.[30, 31]. Here, in order to construct explicit 3D
models with hourglass-like bulk dispersions, we first con-
sider 2D hourglass semimetals and then properly stack
them into 3D systems with hourglass-like dispersions in
the 3D bulk bands.
The 2D lattice can be constructed by stacking two-
leg ladders with a glide reflection symmetry indicated by
the long black line in Fig. 1. More explicitly, the lattice
remains invariant when reflected by the glide mirror and
translated by half unit cell along the x-axis. Each ladder
consists of two neighboring Su-Schrieffer-Heeger (SSH)
chains[95] having two sublattices indicated by the red
and blue dots. Within each chain, the hoppings between
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FIG. 1. The lattice structure of the 2D model. The lattice
is obtained by stacking ladders, each of which consists of two
nearest neighbor horizontal chains. Within each horizontal
chain, the black double lines represent the hopping t + δt
and the black lines represent the hopping t− δt. The purple
lines indicate the hopping and spin-orbit coupling between
the chains within the ladder, and the orange lines indicate the
hopping and spin-orbit coupling between neighboring ladders.
Each unit cell has four inequivalent sites A,B,C and D.
the two sublattices have amplitude t + δt (black double
lines) and t − δt (black single lines), respectively. And
the purple and orange lines represent hopping between
neighboring chains. The unit cell has four inequivalent
sites A, B, C and D, as shown in Fig. 1.
We first write down the following Hamiltonian describ-
ing a ladder while neglecting its coupling with other lad-
ders:
Hl =
N∑
n=1
{ ∑
s=↑,↓
[
(t+ δt)c†AsncBsn + (t− δt)c†BsncAsn+1
+(t− δt)c†CsncDsn + (t+ δt)c†DsncCsn+1
+ t′(c†AsncCsn + c
†
BsncDsn)
]
−λ(c†A↑ncC↓n−c†A↓ncC↑n−c†B↑ncD↓n+c†B↓ncD↑n)+h.c.
}
,(1)
where cisn annihilates an electron with spin s at the i-
site (i = A,B,C or D) of the n-th unit cell, and periodic
boundary condition cisN+1 = cis1 is assumed. t
′ is the in-
terchain hopping within the ladder and λ is the strength
of spin-orbit coupling. By performing Fourier transfor-
mations, we have Hl =
∑
kx
Ψ†(kx)hl(kx)Ψ(kx), where
Ψ = (cAs, cBs, cCs, cDs) and hl(kx) reads
hl(kx) = t(1 + cos kx)σx + t sin kxσy + δt(1− cos kx)σxτz
−δt sin kxσyτz + t′τx + λsyσzτy, (2)
where sα, σα and τα (α = x, y, z) are Pauli matrices act-
ing on spin, sublattice and chain subspace, respectively.
The ladders are coupled through inter-ladder hopping,
as indicated by the orange lines in Fig. 1. The resulting
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FIG. 2. (a) The band structure of the 2D lattice. (b) The
dispersion along ky = pi. Only the quadruplet with positive
energy is shown. The parameters are δt = 0.3t, t′ = 0.6t, ty =
0.2t, λ = t, λy = 0.2t.
2D Hamiltonian reads
h2D(kx, ky) = hl(kx) + ty(cos kyτx − sin kyτy)
+λy(cos kysyσzτy + sin kysyσzτx), (3)
where ty and λy are the amplitudes of the inter-ladder
hopping and spin-orbit coupling, respectively. The sys-
tem respects time-reversal symmetry, with time reversal
operator T = isyK, with K being the complex conjugate
operator. It also respects the following glide symmetry:
Gy(kx)h2D(kx, ky)Gy(kx)
−1 = h2D(kx,−ky), where the
glide reflection operator is
Gy(kx) = isy ⊗
(
0 e−ikx
1 0
)
σ
⊗ τx. (4)
Here, isy represents the spin rotation under the reflec-
tion, τx interchanges A and C as well as B and D sites
and the matrix with σ indices represents the effect of
translation by half unit cell along the x-direction.
At each time-reversal invariant momentum (TRIM)
(k¯x, k¯y) where k¯x, k¯y = 0, pi, the spectrum are Kramers-
degenerate. There are two glide-invariant lines, ky = k¯y
where we can simultaneously diagonalize h2D(kx, k¯y) and
Gy(kx), and then label each band by the eigenvalue of
Gy(kx), i.e. the glide parity g± = ±ie−i kx2 . Therefore,
at (0, k¯y), two bands with glide parity g+ and g− are
degenerate, while at (pi, k¯y), two bands with the same
glide parity are degenerate. This results in band crossing
at (k∗x, k¯y) between two TRIMs, which is protected by
time-reversal and glide symmetries.
The band structure is shown in Fig. 2(a), and, in
particular, the hourglass-like structure along ky = pi is
shown in Fig. 2(b). (The eight bands split into two
quadruplets with a gap between them, each of which
displays hourglass-like dispersion, and we only show the
upper quadruplet.) The double degeneracy in disper-
sions along kx = pi is due to a combined symmetry
TGy(kx), such that at kx = pi, (TGy(pi))
2 = −1. But,
the double degeneracy at a generic momentum along the
kx = 0 line is not protected by symmetries; actually
other symmetry-preserving spin-orbit coupling, such as
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FIG. 3. (a) Layer construction of the hourglass nodal-line
semimetal. The hopping along the z-axis is tz1 for A and D
sublattices (green lines) and tz2 for B and C sublattices (green
dashed lines). (b) The Brillouin zone of hourglass nodal-line
semimetals, with the red lines representing the nodal lines.
The blue planes are glide-invariant planes. Along any curve
in the plane connecting (0, k¯y, k¯z) and (pi, k¯y, k¯z) (such as the
yellow curves), the dispersion is hourglass-like. (c), (d) The
hourglass-like dispersion along two specific curves shown in
(b). The parameters are δt = 0.5t, t′ = 0.5t, ty = 0.7t, λ =
0.8t, λy = 0.4t, λ
′
y = 0.3t, tz1 = 0.6t, tz2 = 0.8t, λz = 0.3t.
the term λ′y sin kysxσzτz, can split this degeneracy. For
convenience, we call the crossings at kx = 0, k
∗
x, and pi
the “inner edge”, the “neck” and the “outer edge” of the
hourglass, respectively.
In fact, hourglass-like dispersion can also be realized
in 1D systems which respect time-reversal and glide or
screw rotation symmetries. The ladder Hamiltonian
given by Eq.(2) is an example. We further construct a
minimal model for 1D hourglass fermions in the Supple-
mental Material[96]. Below, we shall focus on hourglass
fermions in bulk band structures of 3D systems.
Hourglass semimetals in three dimensions.—Here, we
introduce hourglass semimetals in 3D, which have
hourglass-like dispersion along at least one line in mo-
mentum space. Depending on the dimension of the man-
ifold of degeneracies, we divide the hourglass semimetals
into hourglass Weyl semimetals (HWSMs) and hourglass
nodal-line semimetals (HNLSMs).
We construct a 3D model featuring HNLSMs by stack-
ing the 2D layers described in Eq.(3) along the z-axis, as
shown in Fig. 3(a). The resulting 3D Hamiltonian with
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FIG. 4. (a) Layer construction of the hourglass Weyl
semimetal. Spin-orbit coupling between A(B) sites in one
layer and C(D) sites in the layer above is indicated by the
black dashed lines. (b) The Brillouin zone of hourglass Weyl
semimetals, with the red points indicating Weyl points at
the neck of the hourglasses, the green points indicating Weyl
points at the inner edge, the blue lines indicating screw-
invariant lines, and the green plane indicating double degen-
eracy in the whole plane. (c) The dispersion along the kx-
axis. (d) The dispersion along (kx, 0, pi). In (c) and (d), the
Weyl points at the neck and the inner edge of the hourglasses
are marked by red and green circles, respectively, with their
monopole charges labeled. λ = 1.6t, λz1 = λz2 = λz3 = 0.3t,
and the other parameters are the same as in Fig.3.
spin-orbit couplings is given by
h3D(kx, ky, kz) = h2D(kx, ky) +
1
2
(tz1 + tz2) cos kz
+
1
2
(tz1 − tz2) cos kzσzτz + λ′y sin kysxσzτz
+λz sin kzsyσzτz, (5)
which respects both time-reversal and glide symmetries,
where the glide reflection operator Gy(kx) is given by Eq.
(4).
In the glide-invariant plane ky = k¯y, each band can be
labeled by the glide parity, which is well defined. Again,
the Kramers partners at (0, k¯y, k¯z) have different glide
parity and those at (pi, k¯y, k¯z) have the same glide par-
ity, where k¯z = 0, pi. Therefore, along any curve in the
ky = k¯y planes connecting (0, k¯y, k¯z) and (pi, k¯y, k¯z), the
dispersion is hourglass-like. The dispersions along two of
those curves are shown in Figs. 3(c) and 3(d). The necks
are joined to a nodal line, as shown in Fig. 3(b). Note
that similar nonsymmorphic nodal-line semimetals were
studied in Ref.[94].
Although the glide symmetry can only protect the
HNLSMs, we now show that an effective screw symmetry,
4whose transformation is a combination of the screw ro-
tation with spin rotation, can protect a HWSM in which
the hourglass-like dispersion only appears along the high
symmetry momentum lines ky = k¯y, kz = k¯z. For exam-
ple, we consider the following Hamiltonian in 3D,
h′3D(kx, ky, kz) = h2D(kx, ky) +
1
2
(tz1 + tz2) cos kz
+
1
2
(tz1 − tz2) cos kzσzτz + λz1 sin kzszσzτz + λz2 sin kzsyτz
+λz3(cos kzsyσzτy + sin kzsyσzτx) + λ
′
y sin kysxσzτz. (6)
It is clear that the Hamiltonian h′3D respects a
combined symmetry (iszSx)h
′
3D(kx, ky, kz)(iszSx)
−1 =
h′3D(kx,−ky,−kz), where
Sx = isx ⊗
(
0 e−ikx
1 0
)
σ
⊗ τx, (7)
as well as time-reversal symmetry. The screw rotation
Sx is illustrated from Fig. 4(a): the rotation around the
screw axis indicated by the black line followed by a half
unit cell translation along the x-axis leaves the lattice
invariant.
At the screw-invariant lines ky = k¯y, kz = k¯z, each
band can be labeled by the eigenvalue of Sx, which is
±ie−i kx2 . Analogous to the same argument in the case
of a glide symmetry, the dispersion along kx on these
high-symmetry lines ky = k¯y, kz = k¯z is hourglass-
like. The necks of the hourglasses are Weyl points.
Moreover, there are two Weyl points at the inner edge
(kx = 0) of the hourglass, while the outer edge is in
the kx = pi plane where double degeneracy occurs in
the whole plane[97] due to the antiunitary symmetry
TiszSx(pi) with (TiszSx(pi))
2 = −1. Therefore, there
are four Weyl points on each screw-invariant line, and 16
Weyl points in total. The degeneracies are schematically
shown in Fig. 4(b), and the dispersions along the kx-axis
and the line (kx, 0, pi) are shown in Figs. 4(c) and 4(d).
We would like to emphasize that Weyl points on the
screw-invariant lines are topologically stable. Namely,
even if perturbations that break the screw rotation sym-
metry are introduced, the hourglass structures still ex-
ist as long as the Weyl points do not meet each other,
due to the topological nature of monopole charges as-
sociated with each Weyl point. The edges of the hour-
glasses do not shift due to time-reversal symmetry, but
their neck can shift away from the screw-invariant lines
when weak screw-symmetry-breaking perturbations are
present. Furthermore, the outer edge of the hourglasses
can become Weyl points, since the double degeneracy in
the plane kx = pi can be lifted by the perturbations ex-
cept at the TRIMs.
Surface states.—On the surface of the HWSMs, sur-
face Fermi arcs connecting the projected Weyl points are
expected. We show the surface states on (100) surface
in Fig. 5(a) along the ky-axis. The surface arcs, as indi-
cated by the red curves, are separated from the projected
-3 -2 -1 1 2 3 ky
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FIG. 5. (a) The (100) surface state along the ky-axis in the
surface Brillouin zone. The bulk bands projected on the sur-
face are in gray, while the surface bands are in red. (b) The
surface Fermi pockets (black dashed contours) enclosing the
Weyl points with opposite charge projected on the surface are
connected by Fermi arcs (red curves). The parameters are the
same as in Fig. 4(c), and the Fermi energy is assumed to be
3.5t.
bulk bands in gray, except at the Weyl points where they
connect. Since the Weyl points not related by symme-
tries are generically not at the same energy, two Fermi
pockets, each enclosing one of the projected Weyl points,
occur when the Fermi energy is between the energy of two
Weyl points. The two pockets are connected by Fermi
arcs, as shown in Fig. 5(b), in which +2 and −2 indi-
cate the total monopole charge of the Weyl points that
are projected to the surface Brillouin zone. The Fermi
arc could be experimentally observed by angle-resolved
photoemission spectroscopy (ARPES) experiments.
Conclusion.—In conclusion, we have proposed mod-
els in 3D that host fermions with hourglass-like disper-
sion along high symmetry lines or curves in high symme-
try planes in systems respecting nonsymmorphic symme-
tries. The hourglass-like dispersion is protected by time-
reversal symmetry and glide reflection or screw rotation
symmetry. In 3D, depending on the type of nonsym-
morphic symmetry, either HWSMs or HNLSMs could be
realized. 3D hourglass semimetals with nonsymmorphic
symmetries, if discovered in solid state materials, could
provide a new arena to explore novel physics in Weyl
semimetals and nodal-line semimetals.
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SUPPLEMENTAL MATERIAL
The four-band model for 1D hourglass fermion
In this supplemental materials, we construct a minimal four-band model featuring 1D hourglass fermions. Consider
a zigzag chain as shown in Fig. S1(a). It respects glide reflection symmetry indicated by the dashed line. Glide
7reflection transformation, i.e., reflection followed by translating half lattice constant, in sublattice space reads(
1 0
0 eikx
)(
0 1
1 0
)
=
(
0 1
eikx 0
)
= ei
kx
2 (cos
kx
2
σx + sin
kx
2
σy), (S1)
Let σ‖(kx) = cos kx2 σx + sin
kx
2 σy, the symmetry transformation including spin space reads
Gy(kx) = ie
i kx2 sy ⊗ σ‖(kx), (S2)
One can introduce anther matrix that are perpendicular to σ‖, i.e., σ⊥(kx) = cos kx2 σy − sin kx2 σx. Note that
[T, σ‖(kx)] = 0, {T, σ⊥(kx)} = 0. The most general time-reversal invariant Hamiltonian describing nearest neigh-
bor hopping or spin-orbit coupling is given by,
H = −t cos kx
2
σ‖(kx) + λ1 sin
kx
2
syσ‖(kx) + λ2 cos
kx
2
sxσ⊥(kx). (S3)
The dispersion is shown in Fig. S1(b) with plotting parameter t = λ1 = 1, λ2 = 0, i.e., the first two terms are enough
for hourglass-like dispersion. The hourglass-like dispersion is protected by time-reversal symmetry and glide reflection
symmetry.
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FIG. S1. (a) The zigzag chain where the dashed line indicates the glide mirror plane. (b) The dispersion of Hamiltonian Eq.
(S3). The plotting parameters are t = λ1 = 1, λ2 = 0 for simplicity.
